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Abstract

Although it is well known that the rate of sintering is governed by deceleratory kinetics, it is often difficult to fit power-lawhaoier
reaction models over broad time—temperature ranges. This work shows that a phenomenological model combining a reaction order with
an activation energy distribution can correlate surface area as a function of sintering time and temperature over a greater range of those
variables. Qualitatively, the activation energy distribution accounts for the dependence of free energy on particle size and material defects,
while the reaction order accounts for geometric factors such as a distribution of diffusion lengths. The model is demonstrated for sintering of
hydroxyapatite using data of Bailliez and Nzihou [S. Bailliez, A. Nzihou, Chem. Eng. J. 98 (2004) 141-152].
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction Avast literature exists on the kinetics of sintering, and var-
ious equations have been derived that use powers of time and
Sintering of powders is an industrial practice spanning particle size alongwith an Arrhenius temperature dependence
many applications, and Germ§lj gives an excellentintro-  [1]. However, these models often have difficulty correlating
duction. In very general terms, sintering is governed by two sintering data over wide ranges of time and temperature. For
interrelated properties: a change in free energy, which pro- example, the commonth-order sintering model often re-
vides the driving force for the process, and kinetics, which quiresnto be a function of temperature, with the qualitative
provides the mobility of the system to the lower free energy justification that the mechanism is changing as a function of
state. Sintering can occur by many mechanisms, including temperature (e.d2]).
viscous flow, plastic flow, evaporation—condensation, surface  Changesin free energy driving the sintering process are or-
diffusion, volume diffusion, and grain-boundary diffusion.  dinarily attributed to changes in the radius of curvature. Less
Predicting the kinetics of sintering has practical aspects widely recognized is that sintering often starts with very im-
for both process optimization and material lifetime predic- perfect crystals that have free energies substantially different
tion. Process optimization is usually easier, because it is usu-from the perfect material. For example, Rogers and Dinegar
ally an interpolation problem for which the calibration data [3] report that heats of fusion of pentaerythritol tetranitrate
might cover a relatively narrow range of conditions. Lifetime (PETN) crystals can have heats of fusion up to 20% less than
prediction is more challenging, since itinvolves extrapolation the single crystal value, and the variation of the heat with
of artificial aging experiments outside the range of calibra- crystallization conditions is far greater than with changes in
tion. Consequently, a relatively small deviation in a model at surface area caused by grinding. A free-energy distribution
the extremes of the calibration data can result in a relatively in the starting material will result in an activation energy dis-
large error in lifetime prediction if the functional form is not  tribution in the kinetics.

correct. Both nth order and activation energy distribution kinetic
models have been used extensively for modeling fossil fuel

* Tel.: +1 925 422 7304: fax: +1 925 424 3281. conversion4-7]. The earliest and simplest energy distribu-
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mean,Eg, and standard deviatiom, [7]. For systems with and

modest distributions of reactivitgth order 6 < 2.5) or Gaus- 00 ¢

sian p < 3.5% ofEp) models work equally well, even with  da/dr = / k(E) [1 -(1- n)/ k(E) dti| D(E)dE
considerable extrapolation in temperat[8k However, sin- 0 0

tering is often, if not usually, characterized by reaction orders (nth order) 4)

that are considerably larger, and possibly by free-energy dis- B . o
tributions as well, if the Rogers and Dinegar reg@jtfor ~ Wherek=Aexp(-E/RT), E is the activation energy\ the
PETN is typical. frequency factorR the gas constant, and

The hypothesis testeq in this paper is that the tgmper'atur'eD(E) — (27)" Y20~ exp[—(E — Eo)%/207] (5)
dependence of the reaction order can be removed if the kinetic
model also includes an activation energy distribution. We use whereEy is the mean energy ardthe standard deviation. In
the data of Bailliez and Nziho[R], since it covers such a  practice, these equations are implemented in the LLNL kinet-
broad range of temperature and degree of sintering. We findics analysis program (Kinetics$8], Kinetics200J18], and
that thenth order/Gaussian distribution model works very Kinetics05[19]) by discretizing the distribution into parallel
well, resulting in areduction in nonlinear-regression residuals independent 1st- anth-order reactions having a maximum
compared to thath-order model typically used for sintering.  spacing of 2.1 kJ/mol to cover the required energy interval
and then weighting these reactions according to the Gaussian
distribution. Each reaction is numerically integrated using the
2. Sintering models rational approximation to the exponential integral given by
Braun and Burnharfi7].

Deceleratory sintering reactions are often characterized Both the simplenth- and 1st-order Gaussian distribution

by a power law in timd9,10] approachesyield deceleratory curves at constanttemperature,
with the ultimate extent of reaction appearing to depend on
aox (L+a)™’ (1) temperature when ando are large. Calculations for inter-

mediate values of both ando are given inFig. 1 In order
wherea is the extent of reaction (e.g., ratio of the change [© have the overall degree of sintering cover the same range,
in surface area to the ultimate change in surface area, or2 Nigher mean energy is needed for the Gaussian model so
1-9%), a andv are constants andthe time; or amth-
order reaction2,11,12]

nth-order

—da/dr o (1— )" )

Coming from different fields, Raynaud et fl3] and Tarutis

[14] independently note that the two approaches are actually

equivalent, with the exponent of the power law in time being

related to the order of thrgh-order reactionbg=1+ 1h. Re-

action order is commonly interpreted in geometric terms, e.g., o s0 160 1850 200

shrinking-core reactions are describednsyl [15]. Tarutis, Time, hours

drawing upon earlier work by Boudreau and Rudditg],

notes that amth-order reaction is mathematically equivalent 100 %

to forn>1to a Gamma (near-exponential) distribution of re- Gaussian

activity. Consequently, one can consider reaction order as a P iy —- 8001

measure of a distribution of diffusion lengths, for example. P e Bl

Regardless of the precise physical interpretatishould be 450 )

constant if the geometric progression of the reaction is in- 40 NG %-500 [

dependent of temperature, and all temperature dependence

would be ascribed to a single activation energy, if one uses

the standard Arrhenius rate law. o0 ‘ , :
Alternatively, one can use a Gaussian distribution of ac- 0 so. 100 150 200

tivation energies to describe the distribution of reactivity. In Time, hours

this casd17],
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Fig. 1. Idealized sintering curves calculated framh order (top) and
o ; Gaussian activation energy distribution (bottom) models. In both cases,
A=3x 10®s1. For thenth-order modeln=>5 andE/R=30,000K. For
da/dt = / k(E) exp |:_ / k(E) dt:| D(E) dE the Gaussian moded; =10% of Eg and Eg = 33,000 K. The higher mean
0 0 . .
energy is needed for the Gaussian model so that the lowest energy channel
(1storder) 3) of the distribution is close to 30,000 K.
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that the lowest energy channel of the distribution is close to
the single value of theth-order reaction. The shape of the
deceleration and how it varies with temperature are different

for the two models.

3. Sintering of hydroxyapatite

Bailliez and NzihoJ2] provide an interesting data set for
testing the ability of a combineath-order activation energy
distribution model to correlate the extent of sintering over
a very wide range. They present data for two hydroxyap-
atites: HARcp was formed by reacting CagIH3PQy, and
NaOH and HAR 0 was formed by reacting Ca(Ng with
(NH4)2HPO, and ammonia. The initial surface areas were

28 and 104 rf/g, respectively.

Data was digitized from the published plots of surface

area versus time at various temperatures. It was then fitted by

nonlinear regression toth-order Gaussian, and combined
models using the LLNL analysis program Kinetics05. The
parameters I¥), E/10,00(R, n ando are optimized to a rel-

ative tolerance of 0.001. Results of this analysis are given in for the nth-order Gaussian energy distribution model. The four model pa-
Table 1 including a measure of the uncertaintied€im and
o. A graphical comparison of data with calculation is given Table 1

in Fig. 2for the combined model.

When only one of the two parametersdr o) is used, a
better fitis obtained with thath-order model for HARPcpand
with the Gaussian model for HARo. However, the best fit
is obtained for both materials using both model parameters,model is close to linegf0]. Consequently, the uncertainties
and it is especially better for HARp. The mean activation
energy for the Gaussian model is higher than for ittte
order model as explained in the previous section. In work to parameters. This difference is large compared to the conver-
be reported elsewhere, the energy distribution parame}er ( gence criteria but comparable to the improvement by using
is much more important than reaction ordey for correlat-
ing sintering data of the energetic material PETN—negligible changes in In§) would be similar to those IB/R, since those
improvement in the RSS is obtained by optimizinig addi-
tion too, and the optimized value afis close to unity. This
result suggests that using bathand o for HAP is indeed

meaningful.
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Fig. 2. Comparison of measured and calculated fractions sintere& )

rameters are fitted simultaneously by nonlinear regression and are given in

tive mathematical formulas. Although linearization methods
are commonly used to estimate parameter uncertainties in
nonlinear regression, they may be grossly in error unless the

reported inTable lare those that change the RSS by 10%
for the parameter of interest while re-optimizing the other

bothn ando instead of the best one of the two. The relative

variables are highly correlated per the well-known compen-
sation law. Of most significance is that the uncertaintias in
ando when both are used are small compared to their values,
which supports the conclusion of the previous paragraph.

Two related issues are the uncertainties in the parameters The activation energies reported here are about one-third
and when one should use four rather than three parametersower than those reported by Bailliez and Nzih@]). The
to describe the data. Unlike for linear regression, such ques-reason for this discrepancy is not certain, but it may relate to
tions cannot be answered for nonlinear regression by defini-the common problem of deriving activation energies under

Table 1
Hydroxyapatite kinetic parameters derived by nonlinear regression for the Gaussiath-amder reaction models from the data of Bailliez and Nzif#ju
A(sh Eo/R (K) n o (%) of Eg RS
HAPtcp
nth Order (1.1 RSY 8.43x 1011 30313 (:7684) 6.89 £1.56) Qo 0.1001
Gaussian (1.1 RSS) 1.63101 32506 ¢16311) 1.00 127 (£2.85) 0.3090
Both (1.1 RSS) 1.64 103 33001 ¢:7160) 7.0140.32) 693 (+1.47) 0.0762
HAPca0
nth Order (1.1 RSS) 1.7910° 24246 (3585) 4.0140.73) Qo 0.1530
Gaussian (1.1 RSS) 9.4410° 27383 (-4826) 1.00 14 (+1.16) 0.1189
Both (1.1 RSS) 2.9% 1010 27149 (4431) 3.22 40.89) 832 (+1.40)  0.1046

2 Residual sum of squares from nonlinear regression.

b Change in parameter to increase RSS by 10% while re-optimizing other variables, where indicated.
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circumstances where the extent of conversion is not main- nia Lawrence Livermore National Laboratory under contract
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